F/6  12/1 


AD-A083  176 


UNCLASSIFIED 


STANFORD  UNIV  CALIF  DEPT  OF  COMPUTER  SCIENCE 
ON  CONSTANT  WEIGHT  CODES  AND  HARMONIOUS  GRAPHS. <U> 

DEC  79  R  L  GRAHAM.  N  J  SLOANE  N00014-76-C-0330 

STAN-CS-79-777  NL 


DTIC 


ADA0831  76 


ON  CONSTANT  WEIGHT  CODES  AND  HARMONIOUS  GRAPHS 


by 

R.  L.  Graham 
N.  J.  A.  Sloane 


STAN-CS-79-777 
December  1979 


DTIC 

Select 

APRl  81980 


C 


DEPARTMENT  OF  COMPUTER  SCIENCE 
School  of  Humanities  and  Sciences 
STANFORD  UNIVERSITY 


80  4  17  0  11 


UNCLASSIFIED _  _ 

SECURITY  CLASSIFICATION  OF  THIS  PAGE  IWIwi  D*t»  Ent«r*d) 


READ  INSTRUCTIONS 
BEFORE  COMPLETING  FORM 


2  GOVT  ACCESSION  NO  3  RECIPIENT'S  CATALOG  NUMBER 


REPORT  DOCUMENTATION  PACE 


1  REPORT  NUMBER 

STAN-CS -79-777 


4  TITLE  land  Subtitle) 


5  TYPE  OF  REPORT  &  PERIOD  COVERED 


On  Constant  Weight  Codes  and  Harmonious  Graphs*, 


technical,  December  1979 


PORT  NUMBER 


9  PERFORMING  ORGANIZATION  NAVE  AND  ApDRESS 

Department  of  Computer  Science y 
Stanford  University 
Stanford,  California  9^305  USA 


11  CONTROLLING  OFFICE  NAME  AND  ADDRESS  f  V 

Office  of  Naval  Research  l 

Department  of  the  Navy  — 1 

Arlington,  Virginia  22217  Unclassified 

14  MONITORING  AGENCY  NAME  81  ADDRESS  (it  diH  from  Controlling  OMica) 

ONR  Representative  -  Philip  Surra 
Durand  Aeromautics  Building,  Room  165 
Stanford  University 


m 


•  TV  CLASS,  (of  this  report) 


15a  DECLASSIFICATION  /  DOWNGRADING 
SCHEDULE 


16.  DISTRIBUTION  STATEMENT  (of  this  report) 


T\lp  C  Vn  \  c-al  -  \ 


Approved  for  public  release;  distribution  unlimited. 


17  DISTRIBUTION  STATEMENT  (of  the  abstract  entered  in  Block  20.  if  different  from  report) 


19  KEY  WORDS  (Continue  on  reverse  side  if  necessary  and  identify  by  block  number) 


20.  Agtff  R ACT  (Continue  on  ieverse  side  if  necessary  and  identify  by  block  number) 

Very  recently  a  new  method  has  been  developed  for  finding  lower  bounds  on 
the  maximum  number  of  codewords  possible  in  a  code  of  minimum  distance  d  and 
length  n  .  This  method  has  led  in  turn  to  a  number  of  interesting  questions  in 
graph  theory  and  additive  number  theory.  In  this  brief  survey  we  summarize  some 
of  these  developments. 


DD1473 

EDITION  OF  1  NOV  65  IS  OBSOLETE 


_ UNCLASSIFIED _ 

SECURITY  CLASSIFICATION  OF  THIS  PAGE  (When  D*<P  tnn.ro.1l 


On  Constant  Weight  Codes  and  Harmonious  Graphs 


E.  L.  Graham 

N.  J.  A.  Sloane 

Bell  Laboratories 
Murray  Hill,  N.J.  0797^ 


Abstract. 


Very  recently  a  new  method  has  been  developed  for  finding  lower 
bounds  on  the  maximum  number  of  codewords  possible  in  a  code  of  minimum 
distance  d  and  length  n  .  This  method  has  led  in  turn  to  a  number 
of  interesting  questions  in  graph  theory  and  additive  number  theory. 

In  this  brief  survey  we  summarize  some  of  these  developments. 


Accession  For 


Nl' IS 
PL1 


Unannounced 
Justii'ic.  tioti 


LTT 

Lj 


Visiting  Professor,  Computer  Science  Department,  Stanford  University, 
Stanford,  California  9^305. 

The  preparation  of  this  paper  was  supported  in  part  by  National  Science 
Foundation  grant  MCS-77-23738  and  by  Office  of  Naval  Research  contract 
m00lk-76-C-0330.  Reproduction  in  whole  or  in  part  is  permitted  for 
any  purpose  of  the  united  States  government. 


1 


ON  CONSTANT  WEIGHT  CODES  AND  HARMONIOUS  GRAPHS 


by 

R.  L.  Graham 
N.  J.  A.  Sloane 
Bell  Laboratories 
Murray  Hill,  IJ.J.  0797^ 


Introduction 

Very  recently  a  new  method  has  been  developed  (see 
[3]>  [5],  [6])  for  finding  lower  bounds  on  the  maximum 
number  of  codewords  possible  in  a  code  of  minimum  distance  d 
and  length  n.  This  method  has  led  in  turn  to  a  number  of 
interesting  questions  in  graph  theory  and  additive  number 
theory.  In  this  brief  survey  we  summarize  some  of  these 
developments . 

Background 

By  a  code  C  of  length  n  over  a  finite  field 
F  =  GF(q)  we  mean  a  subset  of  Fn,  i.e.,  a  set  of  n-tuples 
with  entries  in  F.  The  most  common  choice  for  F  is  GF(2), 
and  we  restrict  ourselves  to  this  case  for  the  remainder  of 
the  paper  (although  the  same  techniques  apply  to  all  finite 
fields).  In  this  case  C  is  called  a  binary  code. 

The  minimum  distance  of  C  is  defined  to  be 

min  d(x,y) 

x/y 

where  x  =  (x1}...,xn)  and  y  =  (y1,...,yn)  range  over  all 
pairs  of  codewords  (=  elements  of  C)  and  d(x,y'  is  the 
Hamming  distance  between  x  and  y  given  by 


d(x,y)  =  | {k:xk/yk) | . 

The  weight  of  a  codeword  x,  denoted  by  w(x),  is  defined  to 
be  its  distance  from  0  =  (0,0,..., 0)  (which  may  not  be  in  C). 

Two  basic  quantities  studied  extensively  in  coding 
theory  are: 

A(n,d)  £  max{|c|:  C  is  a  binary  code  of  length  n  and 
minimum  distance  d} 

and 


A(n,d,w)  =  max{|C|:  C  is  a  binary  code  of  length  n  and 
minimum  distance  d  with  all  codewords  of 
weight  w} . 

(For  a  fuller  treatment  of  these  topics  the  reader  is 
referred  to  [11].) 

;4any  upper  bounds  and  some  lower  bounds  for  both 
A(n,d)  and  A(n,d,w)  are  available  in  the  literature.  For 
a  survey  of  these  the  reader  is  referred  to  [1]  and  [5],  In 
Tables  1  and  2  we  give  some  small  values  of  these  functions. 
Since  A(n-1,26-1)  =  A(n,26)  we  only  list  values  of  A(n,d) 
for  d  even. 

We  should  point  out  that  the  function  A(n,d,w)  has 
been  studied  under  another  guise  in  extremal  set  theory  by 
Erdos,  Hanani,  Kalbfleisch,  Schonheim,  and  others  (see  [4]) 
in  the  following  context.  For  given  integers  t,  k,  v,  let 
D(t,k,v)  denote  the  maximum  number  of  k-element  subsets  of 
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Bounds  on  A(n,d,w) 


While  our  primary  concern  will  be  with  lower 
bounds  on  A(n,d,w)  we  mention  here  for  purposes  of  comparison 
one  of  the  best  upper  bounds  known  (due  to  S.  M.  Johnson  [9], 


From  this  it  follows  that,  for  fixed  6  and  w 


Of  particular  interest  is  the  special  case  6=2,  when  the 


upper  bound  becomes 


The  following  three  theorems  were  given  in  [5] 
Theorem  1 . 


(^j)  binary  codewords  of 
length  n  and  weight  w  and  let  Zn  denote  the  integers  modulo 
n.  Consider  the  map  T:Fn  -*■  Z  given  by 


Prop  f :  Let  F; 


(4) 


i  (mod  n) 


t 


i 


T(x) 


I 


=  1 


for  x  =  (x1,...,xn)  e  F^.  For  0  <_  i  <_  n-1,  let  Ci  be  the 
code  T-1(i).  Of  course  all  codewords  of  Ci  have  weight  w. 

We  claim  that  the  distance  between  any  two  distinct  codewords 
of  Ci  is  at  least  4.  For  suppose  not,  i.e.,  suppose 
x,  y  e  Ci,  x  /  y,  with  d(x,y)  <  4.  Thus  d(x,y)  =  2.  This 
implies  that  x  and  y  agree  in  all  but  two  components,  say 
the  r-th  and  s-th  components  where  xp  =  1,  y  =  0  and 

xs  =  °»  yr  =  1*  But 

T(x)  =  T(y)  =  i  so  that 
T(x)  =  a  +  r  =  i  (mod  n) , 

T(y)  =a+s=i  (mod  n) 


for  some  a  e  TL  .  This  is  impossible  since  r  and  s  are 
n 

distinct  integers  between  1  and  n. 

Since 


|c0l  + 


|C 


n-1 


for  at  least  one  j  we  have 

| C,  |  >  i  (n) 

1  j  1  —  n  \  w  / 

and  the  theorem  is  proved. 

Note  that  this  theorem  is  not  completely  construe- 
tive  since  we  are  unable  to  specify  which  j  it  is  which  has 
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> 


|Cj|  large.  A  computer  search  of  small  cases  indicates  that 
any  ,]  is  probably  satisfactory  asymptotically,  i.e., 

lC±|/|Cj I  ^  1 

for  all  i,  j  as  n  -*•  «. 

The  preceding  proof  is  based  on  a  method  given  by 
B.  Bose  and  T.  R,  N.  Rao  in  [3]  in  which  they  prove  the 
slightly  weaker  bound 

A<n,4,w)  > 


The  case  of  general  6  is  considered  in  the  next 

result . 

Theorem  2.  Let  q  >_  n  be  a  prime  power.  Then 

A(n,26,w)  ("). 

q 

Proof :  The  proof  has  a  similar  structure  to  that  of 
Theorem  1.  Let  us  label  the  elements  of  GF(q)  by 

Define  a  map 

T:FW  ■>  GF(q)6**1 
n 

by 


T(x)  =  (T1(x),T2(x) 


* 


T 


6-1 


(x) ) 


where 
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■1U)  ■  2  “l" 


xi=1 


?2(x) 


T3(x) 


I  “i“j  > 


1<J 


i<j<k 
xi=xj=xk=1 


j  k 


for  x  =  (x1,...,x  ).  For  each  (6-l)-tuple 
v  =  (v1, . . . ,v6_1)  e  GF(q)6-1  let 

C—  =  T_1(7). 

Thus,  for  some  v, 

^1  i-prO- 

q 

We  claim  that  C—  has  distance  26.  Suppose  not,  i.e. 
there  exist  x,  y  e  C-,  x  /  y,  with  d(x,y)  *  2y  <_  26- 

r 

there  are  26  distinct  coordinates  r,  ,...,r  ,  s,  , . . .  , 

1  Y  1 

that 


suppose 

Thus 

such 
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\ 


J 


and  =  y1  for  all  other  1.  Since  T(x)  =  T(y),  the  first 

5  elementary  symmetric  function  Oj ,  0  <_  j  <_  6-1,  of 

{u>  }  and  { co  }  agree.  Thus  the  polynomial 

rl  ry  S1  SY 

xy  -  a1xy~1  +  a2xy~2  -  ...  +  (-1)Yoy 

has  all  the  uj  and  w  as  roots.  This  is  impossible  since 
ri  sj 

in  any  field  a  polynomial  of  degree  m  cannot  have  more  than 
m  roots.  This  proves  the  theorem. 

Another  Construction 

Let  us  call  an  n-element  subset  S  c  an 
S. -set  of  size  n  and  modulus  m  if  all  the  sums 

U  _ _ _ 


t 


with  i <  i 2  <  ...  <  it  are  distinct  modulo  m.  These  sets 
have  been  studied  in  the  combinatorial  literature  (see  [7]) 
and  can  also  be  used  to  obtain  good  lower  bounds  on 
A( n , 26 , w) . 

Theorem  3.  If  there  exists  an  Sf  ,-set  of  size  n  and  modulus 
-  0  —  1 


A(n,26,w)  >  i(£). 

The  proof  is  similar  to  that  of  Theorem  2  but  using 

the  map 
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T:Fn  -  2 
w  m 


given  by 


T(x)  =  Sl  (mod  m) . 

xi  =  1 

As  before,  the  codes  are  C1  =  T  1(i),  one  of  which  must  have 
as  many  codewords  as  the  average  j~ 

From  known  results  for  St-sets  it  follows  that  if 
q  j>  n-1  is  a  prime  power  and  6  >  3  then 


(5) 


A  ( n ,  2  6  ,  w ) 


> 


Harmonious  Graphs 

Note  that  if  S  is  an  S^-set  of  size  n  and  modulus 

m  then 


(6)  ->(?)• 

For  the  remainder  of  the  paper,  we  restrict  ourselves  to  the 
case  t  =  2.  Equation  (6)  then  becomes 


(6') 


m 


Equality  can  be  achieved  in  (6*)  for  small  n  by  the 
following  examples. 
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■T 


* 


J 


S  =  {0,1}  for  n  =  2,  m  =  1, 

S  =  {0,1,2}  for  n  =  3>  m  =  3, 

S  =  {0,1, 2, 4}  for  n  =  4,  m  =  6. 

However  these  are  the  only  values  of  n  for  which  equality 
can  occur. 

We  can  translate  this  situation  into  the  following 
equivalent  form.  S  is  an  S2~set  of  size  n  and  modulus  (2) 
iff  it  is  possible  to  label  the  vertices  of  K  ,  the  complete 
graph  on  n  vertices,  with  the  elements  of  S  so  that  if  each 
edge  of  is  assigned  the  sum  modulo  (2)  of  the  two  values 
assigned  to  its  endpoints,  then  all  edge  values  are  distinct 
(and  so  represent  a  complete  residue  system  modulo  (o))* 

In  Figure  1  we  show  the  labelled  complete  graphs  correspond¬ 
ing  to  the  three  extremal  sets  S  given  above. 


Figure  1 

This  interpretation  prompts  the  following  definition  (see 
[6]  for  further  information): 

Def inlt ion .  A  graph  G  with  e  edges  is  called  harmonious 
if  it  is  possible  to  label  the  vertices. of  G  with  distinct 


11 


» 


values  from  Ze  so  that  every  element  of  occurs  uniquely 
as  an  edge  sum  of  G. 

For  example,  we  show  in  Figure  2  a  harmonious 
graph  with  7  vertices  and  17  edges.  It  turns  out  (see  [6]) 
that  this  is  the  maximum  number  of  edges  a  harmonious  graph 
on  7  vertices  can  have. 
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A  Harmonious  Graph  with  7  Nodes  and  17  Edges 

Figure  2 

In  Figure  3  we  give  the  connected  graphs  on  at 
most  5  vertices  which  are  not  harmonious. 


» 


Nonharnonious  Graphs  % 
Figure  3 
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A  curious  geometrical  interpretation  can  be  given 
to  the  condition  that  a  graph  G  be  harmonious.  Let  Pe 
denote  a  fixed  regular  e-gon  embedded  in  the  plane.  Then  G 
is  harmonious  iff  the  vertices  of  G  can  be  embedded  into  the 
vertices  of  Pe  so  that  no  two  edges  of  the  embedded  copy  of 
G  are  parallel.  This  follows  from  the  observation  that  if 
the  vertices  of  Pg  are  labelled  cyclically  by  0,1,..., e-1, 
then  the  direction  of  the  chord  joining  i  and  j  depends  only 
on  i  +  j  (mod  e ) . 

A  related  concept  which  has  appeared  frequently 
in  the  graph  theory  literature  is  that  of  a  graceful  graph 
(see  [2]).  A  graph  G  with  e  edges  is  said  to  be  graceful 
if  it  is  possible  to  assign  distinct  values  from  (0,1,..., e} 
to  the  vertices  of  G  so  that  the  absolute  values  of  the  edge 
differences  are  all  distinct  (and  therefore  all  values  in 
{l,2,...,e}  occur  uniquely).  In  Figure  4  we  list  the 
connected  graphs  on  5  vertices  which  are  not  graceful. 

O  X 

Uongraceful  Graphs 
Figure  4 

While  it  can  be  observed  that  Figures  3  and  4 
contain  two  common  graphs,  in  general  the  concepts  of  being 
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graceful  and  being  harmonious  are  rather  independent.  For 
example,  cycles  of  length  n  have  the  following  properties: 

n  (mod  A)  harmonious  graceful 


no 

yes 

yes 

no 

no 

no 

yes 

yes 

Similarly,  complete  bipartite  graphs,  which  are 

known  to  be  graceful,  are  never  harmonious.  This  result  has 

a  remarkably  short  proof. 

Theorem  4.  K„  _  is  not  harmonious, 
r ,  s 

Proof:  Suppose  a  harmonious  labelling  of  K  exists.  This 

-  r ,  s 

is  equivalent  to  a  direct  sum  decomposition  of  Z  =  A  ©  B 

rs 

where  A  and  B  are  disjoint  subsets  of  Z  with  I A I  =  r, 

rs  1  1 

| B |  =  s.  Since  all  a  +  b  (modulo  rs),  a  e  A,  B  e  B,  are 
distinct  then  so  are  all  differences  a  -  b  (modulo  rs).  But 
there  are  J  A | J  B  f  =  rs  differences.  Hence  0  =  a  -  b  must 
occur  exactly  once  and  therefore  A  and  B  are  not  disjoint.  [] 
We  extract  an  interesting  corollary  from  the  proof. 
Corollary.  If  Zn  =  A  ©  B  then  | ATB |  =  1. 

In  fact  most  graphs  are  neither  harmonious  nor 
graceful.  More  precisely,  it  can  be  shown  using  the 
probability  method  (see  [6])  that  the  fraction  of  all  graphs 
on  n  vertices  which  are  harmonious  (or  graceful)  tends  to 
0  exponentially  with  n. 

Let  us  define  H(n)  to  be  the  maximum  number  of 
edges  a  harmonious  graph  on  n  vertices  dan  have  (with  G(n) 


defined  similarly  for  Graceful  Graphs).  In  Table  3  we  list 
some  of  the  known  values. 


n  H(n)  G(n) 


2 

1 

1 

3 

3 

3 

4 

6 

6 

5 

9 

9 

6 

13 

13 

7 

17 

17 

8 

24 

23 

9 

30 

29 

10 

36 

36 

Table  3 


Asymptotically  it  can  be  shown  [6]  that 
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IF 


2 


n 


'  H(n) 


<in2, 


It  is  especially  annoying  that  we  cannot  prove  that 

H(n)  <  (f  - «)  n  for  some  e  >  0.  The  lower  bound  depends 

on  recent  results  of  Hammerer  and  Ilofmeister  [7]  who  showed 


that  it  is  possible  to  select  n  nonnegative  integers 


al  <  a2  <  * • *  <  an  such  that  all 
be  represented  as  a.^  +  aj  . 

Some  Questions 


c  2 

integers  up  to  n  can 


(1)  A  well  known  conjecture  of  Ringel  and  Kotzig 
asserts  that  all  trees  (=  acyclic  connected  graphs)  are 
graceful.  We  make  the  corresponding  conjecture  that  all  trees 
are  harmonious,  where  we  have  to  modify  the  definition 
slightly  so  as  to  allow  one  vertex  label  to  be  repeated. 

This  is  true  for  all  trees  with  at  most  nine  vertices. 
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(2)  Is  there  a  polynomial-time  algorithm  to 
determine  if  G  is  harmonious?  V/e  conjecture  that  there  is 
not . 

(3)  Is  H(n)  'v,  cn2?  Is  c  <  1/2?  We  think  that 
the  answer  to  both  questions  is  in  the  affirmative. 

(4)  How  large  must  m  be  for  an  S^-set  of  size  n 

and  modulus  m  to  exist?  For  t  *  2,  it  is  known  that  the 

2  t 

answer  is  (l+o(l))n  .  We  conjecture  that  m  >_  (l+o(l))n  . 

(5)  What  is  the  value  of  A(n,d,w)?  From  our 

w-6+1 

results  it  follows  that  (l+o(l))  - i -  <_  A(n,25,w)  £ 

(6  1 ) ! W  * 

(l+o(l))  — - — - .  The  upper  bound  is  known  to  be 

correct  if  w  =  4  and  6  =  2  or  3.  Is  it  always  correct? 
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